Evidence for the presence of extra fields during inflation may be found in the anisotropies of the scalar and tensor spectra across a vast range of scales. Indeed, beyond the single-field slow-roll paradigm, a long tensor mode can modulate the power spectrum inducing a sizable quadrupolar anisotropy. We investigate how this dynamics plays out for the tensor two-point correlator. The resulting quadrupole stores information on squeezed tensor non-Gaussianities, specifically those sourced by the extra field content and responsible for the breaking of so-called consistency relations. We underscore the potential of anisotropies as a probe of new physics: testable at CMB scales through the detection of B-modes, they are accessible at smaller scales via interferometers and pulsar timing arrays.
I. INTRODUCTION
The detection of gravitational waves from black hole mergers and from colliding neutron stars [1] has ushered in a new era for astronomy. The same is bound to happen for early universe cosmology upon observing (evidence of) a primordial tensor signal. In particular, probes of the gravity sector hold a great discovery potential when it comes to inflationary physics. Detection of CMB Bmodes polarisation would, in standard single-field slowroll scenarios, precisely identify the energy scale of inflation. Crucially, gravitational probes can access precious information on the early acceleration phase also in the case of multi-field inflation. A non-minimal inflationary field content is not only possible, but perhaps even likely [2] . String theory realisations of the acceleration mechanism typically result in extra dynamics due, for example, to compactifications moduli. Axion particles as well as Kaluza-Klein modes and gauge fields can also be accommodated. The extra content acts as a source of the standard inflationary scalar and tensor fluctuations. An interesting phenomenology ensues whereby tensor fluctuations, sometimes sourced already at linear order, may deliver a non-standard tensor power spectrum exhibiting a marked scale dependence, features, and in specific cases [3] [4] [5] [6] [7] [8] a chiral signal. Additionally, a similar dynamics is arrived at by employing new (broken) symmetry patterns [9] or so-called non-attractor phases for the inflationary mechanism [10, 11] . Perhaps the most sensitive probe of extra physics is the (scalar/tensor/mixed) bispectrum. Its amplitude and momentum dependence can be mapped onto specific properties of the inflationary Lagrangian. Remarkably, the soft momentum limit of the bispectrum contains detailed information [12] on the mass, the spin, and (implicitly) the couplings of extra fields. The existence of a non-trivial squeezed bispectrum contribution, mediated by the extra content, may be inferred already at the level of the tensor power spectrum. Indeed, in what we shall call the ultra-squeezed configuration, a long tensor mode induces a position-dependence in the short [42] modes power spectrum. In this context, a non-trivial bispectrum corresponds to one that modifies so-called consistency relations (CRs). These are maps between "soft" limits of N+1-point functions and their lower order counterpart that result from a residual diffeomorphism in the description of the physical system. Standard inflationary CRs are modified in the presence of e.g. non-BunchDavies initial conditions, independent modes that transform non-linearly under the diffeomorphism, alternative symmetry breaking patterns, etc [13] . A prototypical example of modified CRs stems from the presence of extra fields during inflation. Interactions mediated by (see Fig. 1 ) the extra σ content are precisely those that can modify CRs. As a result of CRs breaking, the σ-mediated leading contribution to the squeezed bispectrum is physical, i.e. it cannot be gauged away.
Diagrammatic representation of a tensor three-point function mediated by extra σ fields. Red circles indicate interactions between the tensor modes of the metric and σ fields. Diagrams leading to a non-trivial consistency-relationbreaking bispectrum are the subset of those in (a) that cannot be simplified to the form in (b). Indeed, the latter diagram is sensitive to information on σ, which is already probed via the standard tensor two-point function.
In what follows, we analyse the power spectrum of tensor fluctuations in the presence of a long-wavelenth tensor mode as a probe of squeezed tensor non-Gaussianity [43] . The modulation effect can occur at widely different scales, from the CMB all the way to regimes accessible via interferometers. In Sec. II we analyse in detail how the squeezed tensor bispectrum induces a quadrupolar anisotropy in the tensor power spectrum. In Sec. III, building on the recent important works [15, 16] , we elaborate on the fact that such observable is not plagued by the suppression effects that prevent a direct measurement of tensor non-Gaussianity at interferometer scales. We conclude with Sec. IV.
II. QUADRUPOLAR ANISOTROPY
If inflation predicts a non-trivial [44] tensor-scalar-scalar bispectrum in the squeezed limit (the tensor being the soft mode), a quadrupolar anisotropy is induced by the long-wavelength tensor mode in the observed local scalar power spectrum [21] . In close analogy to the procedure developed in [21] for the scalar case, we now show (see also [22, 23] ) that the tensor power spectrum is modulated by a long-wavelength tensor fluctuation. The quadrupolar anisotropy of the tensor power spectrum is then an observable sensitive to the squeezed limit of tensor non-Gaussianity.
The starting point is the correlation between two tensor modes in the presence of a long-wavelength mode. We express the primordial spin-2 tensor fluctuation around a conformally flat, FRW metric in terms of its Fourier modes asγ
adopting the mode decomposition
The creation and annihilation operators a 
In the absence of significant modulations induced by couplings with long-wavelength modes, the tensor power spectrum and bispectrum -for models that do not violate isotropy nor parity symmetry -are given by
The general expression that accounts for modulation due to the coupling with long-wavelength tensor modes is instead [24] :
where q L is a cut-off on whose size we shall soon elaborate. It suffices here to say that it is ensuring we integrate only over the squeezed configurations of the bispectrum B γ . In standard single-field inflationary models, the leading terms in B γ are related to the scale dependence of the (short) tensor power spectrum through consistency relations [25] . As a result, their effect can be removed by an appropriate gauge transformation (see e.g. [21, [26] [27] [28] [29] ). In models where consistency relations are modified or broken, B γ accesses directly new physical information stored in the squeezed tensor bispectrum. It is in the case of the latter set of models and, in particular, of their consistency-relation-breaking contributions to the bispectrum, that our analysis becomes especially relevant. It will be convenient in what follows to use the quantityB, defined as
in order to make the dependence on polarisation indices explicit. The quantity inB can be parametrically large and lead to observable effects. To make the physical consequences of such modulation more manifest, it is useful to express the tensor two point function as
where
and using
where the anisotropy parameter Q m is given by
Note that in Eq. (11) the following parameterisatioñ B(k, q) = f nl (q, k) P γ (k)P γ (q) has been adopted and the usual properties of the polarisation tensors have been used. The quantity f nl parameterises the amplitude and momentum dependence of the squeezed limit of the tensor bispectrum. Going back to Fourier space and expressing x 1 and x 2 in terms of x and x c , one finds the following expression for the tensor power spectrum in the presence of a long-wavelength tensor mode γ q , evaluated locally, i.e. within a volume whose linear dimension is smaller than the wavelength of the tensor (|x| 1/q): (12), for a given point in space xc, the volume of integration is defined by a length scale much smaller than the typical variation scale of the modulating tensor mode. If inflation supports a non-zero tensor bispectrum in the squeezed configuration, the power spectrum defined locally, i.e. in the vicinity of xc, has a quadrupole modulation caused by long-wavelength tensor fluctuations.
Expanding the quadrupole modulation in spherical harmonics and computing its variance, one arrives at
and
where the definition P γ (q) ≡ q 3 P γ (q)/2π 2 has been used. We pause here to comment on how the extrema of integration over q are chosen. The lower value q min is selected as the wavenumber corresponding to the longest wavelengths that ever exited the horizon. The value of q max depends instead on the specific probe. For CMB observations, for example, q max is given by the smallest wavenumber probed by a given experiment. The case of interferometers will be the subject of a more detailed discussion in what follows. Whenever f nl and the tensor power spectrum P γ are scale-invariant, Eq. (14) simplifies to
Models of (super)solid [23, 30] and non-attractor [10] inflation do indeed support in some regimes an (almost) scale invariant profile for both the power spectrum and f nl . Let us focus on Eq. (15) in the case of CMB polarisation. Recalling the definition of the tensor-to-scalar ratio as r ≡ P γ /P ζ , one finds
where the number of e-folds between the exit of the longest mode q min and the exit of q max is ∆N ≡ ln(q max /q min ). As an example, with ∆N = O(1), a value for Q 2 of order 0.1 requires f nl √ r 500. Given current constraints on the tensor-to-scalar ratio, this demands f nl 2 · 10 3 . Observational bounds on tensor non-Gaussianity have been obtained from temperature and E-mode polarization data for a class of models predicting bispectra that peak in the equilateral configuration [31] : f Planck nl = 500 ± 1100 (68% CL), where f
. These constraints do not immediately apply to our case. However, even if enforced on our set-up, they would be compatible with f nl √ r = O(500). It would be interesting to forecast the bounds that future CMB polarization experiments will be able to place on squeezed non-Gaussianity by probing the tensor quadrupolar anisotropy. We leave this to future work. If the tensor power spectrum and/or f nl are not scale invariant, the expression for the quadrupole anisotropy is modified w.r.t. Eq. (15) . As a concrete example, let us consider a tensor bispectrum mediated by a massive spin-2 field with a small speed of sound [17] . In this setup, the power spectrum of gravitational waves receives the standard vacuum contribution and the one generated by the extra field:
. Considering contributions to the bispectrum mediated by the extra particle, for α γ = O(1) one finds [18] :
where ν ≡ 9/4 − m 2 σ /H 2 , with m σ the mass of the spin-2 field, and c σ its sound speed. The parameters µ and ρ quantify respectively the magnitude of the cubic self-interaction of the spin-2 field and of the quadratic mixing of the same field with metric tensor modes. In this set-up, for m σ of order Hubble, the square root of the quadrupole variance is typically of order 10 −1 on CMB scales. This in spite of the (q/k) 3/2−ν suppression w.r.t. the scale-invariant case. We note here that models with excited initial states (see e.g. [32] ) may also be of particular interest for quadrupolar anisotropies. In some of these constructions f nl scales with negative powers of q/k, which may easily lead to a sizable quadrupole.
As the above examples illustrate, the quadrupolar asymmetry corresponding to a scale-dependent spectrum and f nl is model-dependent. If the primordial gravitational wave (GW) spectrum has a sufficiently large amplitude at small scales (see e.g. [33] for a review of several such scenarios), primordial non-Gaussianity can act as a source for anisotropies of the stochastic GW background. These can be detectable (see Sec. III) both with interferometers and pulsar timing arrays (PTA). The formalism for the analysis of anisotropies of stochastic gravitational wave backgrounds (SGWBs) measurable with ground and space-based detectors was introduced in [34, 35] . Techniques developed for PTA can be found in [36, 37] . These studies are motivated by astrophysical phenomena: anisotropies can for example be associated with groups of unresolved sources on localised regions of the sky, such as large cosmic structures. Similar methods can also be applied in the context of our work, where anisotropies have a primordial origin and Q ij is characterised by random matrix entries obeying Gaussian statistics. We shall adopt the notation of the classic work [38] . As first discussed in [34] , the overlap function γ 12 , associated with the cross-correlation of signals measured with a pair of ground-based detectors, receives contributions due to tensor anisotropies. In the vanishing frequency limit, and small antenna regime, we find a simple analytic expression for the correction associated with the quadrupolar anisotropy described by Eq. (12):
Here
denotes the detector tensor, andX a ,Ŷ a the interferometer arm directions. At high frequencies, the contributions of the anisotropy to the overlap function are suppressed, and one recovers the results of [38] . Anisotropies of SGWBs can then be detected and analyzed through their distinctive effects on a daily modulation of the signal, as first proposed in [34] . One might wonder how to distinguish, when probing interferometer scales, primordial sources of quadrupolar tensor anisotropy from astrophysical ones. We stress that a bispectrum with a large component in the squeezed configuration can induce anisotropies in the GW spectrum both at CMB and at interferometer scales. If the signal is sufficiently large to be measurable by two independent probes, one may search for common properties in the tensor quadrupolar harmonics, which may hint to a primordial origin for the anisotropies. We leave such investigations for future work.
III. GW PROPAGATION AND ULTRA-SQUEEZED BISPECTRUM
We have seen in Sec. II how a long wavelength tensor mode can induce anisotropies in the power spectrum. At CMB scales the quadrupole serves as an indirect probe of squeezed non-Gaussianity, complementary to direct measurements of three-point correlations of temperature and polarization anisotropies.
Is the same possible at small scales? Two recent works [15, 16] have shown that primordial tensor nonGaussianity cannot be probed directly, i.e. by measuring three (or higher, connected) point functions of tensor fluctuations at interferometer scales. Paraphrasing [15] , measurements of primordial tensor modes correlations at small scales involve angular integrations of contributions from signals produced by a large number of separate, independent, Hubble patches. In light of the central limit theorem, the statistics of tensor perturbations measured at interferometer scales will then be Gaussian. Even in the case of a set of detectors built with the specific purpose of probing a large number of Hubble patches, one would not be able to detect non-Gaussian correlations. Indeed, tensor non-Gaussianity at small scales is suppressed due to Shapiro time-delay effects associated with the propagation of tensor modes at sub-horizon scales in the presence of matter. Reference [15] suggests that observables sensitive to large correlations between short and long wavelength tensor modes, induced for example by an ultra-squeezed bispectrum, may escape these conclusions. A concrete realisation of such a possibility is precisely the quadrupolar anisotropy of the power spectrum discussed in Sec. II, which relied in part on previous works for the scalar [19, 39] and tensor [10, 22, 23] cases. The quadrupolar asymmetry survives the aforementioned cancellation effects because it is induced by a super-horizon tensor fluctuation. As we shall see in some detail, such mode does not experience the subhorizon evolution responsible for the suppression of the non-Gaussian signal.
A. Propagation at sub-horizon scales
We start by reviewing how propagation affects shortwavelength modes [16] and then apply the same techniques to the case under scrutiny. Their momenta being centered at (ground or space-based) interferometers frequencies, short modes have entered the horizon during the radiation-dominated era. For k > k eq and η < η eq , the mode-function reads
where j 0 (kη) = sin(kη)/(kη) is the spherical Bessel function and γ
−k is the primordial tensor perturbation. The initial conditions for γ prim are set by inflation [45] . Eq. (19) has been derived from the the tensor modes equation of motion
by setting H = 1/η for the radiation-dominated era. During matter-domination, and to leading order in |kη|, one has [46] , [16] :
where C(k) is a constant operator and
with Φ the Newtonian potential. The above expressions underscore that inhomogeneities in the matter density at small scales -encoded in Φ -affect the evolution of tensor modes. Matching Eqs. (19) and (21) at the time of matter-radiation equality, η = η eq , implies
From Eq. (24) one obtains
The solution for η > η eq then becomes
Let us now compute the two-point correlation function:
Upon using
one finds
Using Eq. (23), Eq. (28) becomes
In Eq. (31), the expectation values can be computed using the relation [16] e ϕ1 e ϕ2 = e ϕ 2 1
which assumes Gaussian statistics for ϕ, yielding real exponentials multiplied by cos(2k 1 η), sin(2k 1 η) functions. These terms drop out when performing the time average. One is left with the contribution
We now extend these results and consider the local power spectrum of gravitational waves evaluated in the presence of long-wavelength tensor perturbations, at a generic time η during matter domination:
Here Eq. (26) has been used and γ
γ L is given by Eq. (6). The standard (isotropic) term in the first line of Eq. (6) produces a contribution identical to the one in Eq. (33) . The term in Eq. (6) proportional to the squeezed primordial bispectrum becomes instead
Let us expand the expectation value in the last line of (35) using Eq.(23)
Similarly to what happens for the standard power spectrum, the contributions proportional to e ±i(k1+k2)η (first two lines of Eq. 36) average out because of the fast oscillation. Indeed, the period of oscillation, ∼ π/k 1 , is many orders of magnitude smaller than the integration interval. If we could set k 1 = −k 2 the last two terms of (36) would become constant and constitute the only contributions left after averaging over time (as is the case for the standard power spectrum). This is precisely what happens in our context: from Eq. (35) we learn that the relation between the wavenumbers is k 1 = −k 2 − q, with k 1 k 2 q. The difference k 1 − k 2 is therefore of the order of the inverse cosmic time, 1/η 0 (q being at least horizon-size) and the exponentials e ±i(k1−k2)η can be treated as constants when performing the time average. Moreover, in the ultra-squeezed configuration (k 1 −k 2 ) the arguments of the Z terms in the last two lines in (36) are approximately equal and, from Eq. (31), one can thus set E(k 1 , k 2 ) −2. It follows that the quadrupolar anisotropy of the tensor spectrum, induced by the ultra-squeezed component of the tensor bispectrum, is not suppressed by propagation effects.
B. Averaging
As noted in [15] , the contributions of a primordial bispectrum to the three-point function of the detector time delay ∆η(η 0 ), as measured along the interferometer arms, vanishes as a result of rapidly oscillating phases e i i ±kiη0 . This is not the case for the power spectrum: by enforcing k 1 = k 2 the rapidly oscillating coefficient drops out [15] . Let us now include the contribution due to coupling with long-wavelength tensor fluctuations to the time delay two-point function. We find:
with M the detector transfer function, andL i the interferometer arm direction. The expectation value in the last line of Eq. (37) includes, in addition to the diagonal contribution, also the off-diagonal term proportional to the primordial bispectrum in the ultra-squeezed limit. For the ultra-squeezed configuration (with the longwavelength mode q being at least horizon-sized), one has |k 1 − k 2 | q, with q ≤ η
, where η 0 is the cosmic time. As a result, |k 1 − k 2 |η 0 q η 0 ≤ 1 and, similarly to the isotropic contribution, no suppression occurs. The part controlled by the squeezed bispectrum selectively picks up the contribution of signals emitted from the same Hubble patch, without involving correlations from distinct Hubble regions.
We conclude that the quadrupole anisotropy computed in Sec. II propagates all the way to the observed tensor power spectrum, and hence the gravitational waves energy density.
IV. CONCLUSIONS
The inflationary paradigm stands as one of the main pillars of modern cosmology. This position has been secured in light of its explanatory power on early universe dynamics and the agreement of inflationary predictions with observations. These successes notwithstanding, the current one is only a broad-brush picture of the inflationary mechanism with key questions still unanswered: what is the energy scale of inflation? What about its particle content? The observables that hold the most promise to access such information are the power spectrum and bispectrum of primordial correlation functions, both in the scalar and tensor sectors. The predictions corresponding to the two and three-point functions in the minimal inflationary scenario have long been known. Any observed deviation would therefore point directly to new physics.
Currently available data place strong constraints on the inflationary scalar sector at CMB scales: the power spectrum amplitude and scale dependence are known whilst non-Gaussianity is strongly constrained. The latter may still store key information on the mass, spin, and coupling of the theory field content. Many more unkowns characterise the tensor sector with the predicted primordial signal still undetected and a tensor-to-scalar ratio correspondingly bounded to r < 0.06 (95%CL) [41] . The advent of ground and space-based laser interferometers makes it possible to test for inflationary models with a non-standard scale dependence in the power spectrum and search for tell-tale signs of their particle content.
Recent studies [15, 16] have shown how the signal from one key observable when it comes to probing extra fields, namely the primordial tensor bispectrum, is strongly suppressed at interferometers scales. Among other effects, propagation through structure de-correlates primordial modes of different wavelengths. Accessing the bispectrum directly at interferometer (or e.g. PTA) scales, necessarily implies that all the modes have undergone (a long) sub-horizon evolution. In this work we have put forward a complementary approach: looking for quadrupolar anisotropies in the tensor power spectrum as a probe of the primordial tensor bispectrum. Despite not directly accessing the bispectrum, the quadrupole is nevertheless sensitive to modulations of an horizon-size tensor mode on the GW power spectrum. In this configuration one mode is insensitive to propagation while the remaining two are very similar, thus avoiding an overall strong suppression. Quadrupolar tensor anisotropies can be probed at widely different frequency ranges and are therefore an efficient tool for testing inflationary models that support an ultra-squeezed component of the tensor bispectrum.
